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Nonparametric Regression
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Nonparametric regression model
Yi = fo(Xi) + &
> Xi,..., Xy~
> élf .., gn ~oldd. N(O, (TZId).
» (., isindependent of X3.,.

The goal of the regression is to find the unknown function f; using labeled data {(X;, Yi)}?zl. ]
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Yi = fo(Xi) + &
> Xi,..., Xy~
> élf .., gn ~oldd. N(O, (TZId).
» (., isindependent of X3.,.

The goal of the regression is to find the unknown function fy using labeled data {(X;, Y;)}/ ;. ]

Least-squares regression
fo= argmin L(f) := Exy)[(Y - f(X))?]

f measurable
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Nonparametric regression model
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> Xi,..., Xy~
> élf .., gn ~oldd. N(O, (TZId).
» (., isindependent of X3.,.

The goal of the regression is to find the unknown function fy using labeled data {(X;, Y;)}/ ;. ]

Least-squares regression
fo= argmin L(f) := Exy)[(Y - f(X))?]

f measurable

» The expectation is intractable.

» Minimization over the measurable function class is intractable.
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Nonparametric Regression
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Nonparametric regression model

Yi = fo(Xi) + i
> Xi,..., Xy~
> &1, &~ N(0,02).
» (., isindependent of X3.,.
The goal of the regression is to find the unknown function fy using labeled data {(X;, Y;)}/ ;. ]

Least-squares regression
fo= argmin L(f) := Exy)[(Y - f(X))?]

f measurable

» The expectation is intractable. Monte Carlo Approximation

» Minimization over the measurable function class is intractable. Parameterization
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Empirical Risk Minimization

Fu € argminL(f) = 1 (4~ (X))

fE]: i=1
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Empirical Risk Minimization

fa € argmin L, (f) :=
feF

:\,_.
1=

(Yi = f(X))?

1

Error decomposition

Es[1fs ~ folf] < Jng I = folley + B [sup(L0/) = Lo()]

Generalization error

_v_/
Approximation error

o Target

S ./ function
Approximation ,

error (Bias)//'

s Population risk

Hypothesis class

Bias-Variance trade-off

- Generalization
Empirical risk error (variance)
minimizer
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Deep Learning
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Choose the hypothesis class as a deep neural network class.

Aneural network ¢ : RY — R is a function defined by

f(x) = To(p(Tr-1(- -~ p(To(x)) -+ +))), (DNN)

where the activation function p is applied component-wisely and T;(x) = A/x + by is an affine transformation

with Ay € RNe+1*Neand b, € RN for € = 0, ..., L. Then the p-activated deep neural network class Ny (L, S, B)
is defined as

Ny(L,S,B) = {f(x) has the form of (DNN) : 2 (I1Acllo + [1bell2) < S, ||f\|Loo(]Rd> < B},
0<t<L+1

where L is called the depth of neural networks, S represents the number of non-zero parameters, and B is the
uniform bound of neural networks.
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Approximation error of DNN

» Approximation in LP-norm

(Dmitry Yarotsky 2017, Zuowei Shen et al. 2019, Johannes Schmidt-Hieber 2020, Jianfeng Lu et al. 2020,
Yuling Jiao et al. 2023)

» Approximation in Sobolev norms
(Ingo Glihring et al. 2021, Chenguang Duan et al. 2022)

» Approximation with Lipschitz constraint
(Jian Huang et al. 2022, Yuling Jiao et al. 2023, Zhao Ding et al. 2024)

Generalization error of DNN
Empirical process + Sample complexity of DNN

» (Local) Rademacher complexity (Peter L. Bartlett et al. 2002, 2005)
» Size-independent Rademacher complexity of DNN (Noah Golowich et al. 2018)
» VC-dimention bound for DNN (Martin Anthony et al. 1999, Peter L. Bartlett et al. 1998, 2019)
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Convergence of nonparametric regression
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Suppose that fy € H*(Q), then the minimax optimal rate of en estimatorfn is given as:

s [Ifs — folla)) = O(n 7).
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Suppose that fy € H*(Q), then the minimax optimal rate of en estimatorfn is given as:
~ 2 _ 25
Es [Ifu — foll32(cy | = O(n 7).
The convergence in L2-norm can NOT imply the convergence of gradient.

» Forexample,

~ 1 1
fu(x) = M L0, foreachl < p < oco.

However, f}(x) = cos(nx) logn — +co.
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Convergence of nonparametric regression

Suppose that fy € H*(Q), then the minimax optimal rate of en estimatorfn is given as:
~ 2 _ 25
Es [Ifu = foll22(0y | = O (n75).
The convergence in L2-norm can NOT imply the convergence of gradient.

» Forexample,

~ 1 1
fu(x) = w L0, foreachl < p < oco.

However, f}(x) = cos(nx) logn — +co.

How can we simultaneously estimate both the regression function fy and its gradient V fy?

Applications in inverse problems, nonparametric variable selection, generative learning ...
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Sobolev-Penalized Regression N
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Least-squares regression with gradient penalty

L) = B [(Y = FXDP] + MfBgy = If — follagay + 0% + Alflino

N——
least-squares gradient penalty
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Least-squares regression with gradient penalty

L) = B [(Y = FXDP] + MfBgy = If — follagay + 0% + Alflino

N——
least-squares gradient penalty

Variational problem

Find f* € H'(Q), such that L} (f*,v) = 0 foreachv € H(Q), that s,

(f* = fo, o)) + MV (F* = f0), V) 12(00) = =AMV o, VO)12(q)-
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Least-squares regression with gradient penalty

L) = B [(Y = FXDP] + MfBgy = If — follagay + 0% + Alflino

N——
least-squares gradient penalty

Variational problem

Find f* € H'(Q), such that L} (f*,v) = 0 foreachv € H(Q), that s,

(f* = fo, o)) + MV (F* = f0), V) 12(00) = =AMV o, VO)12(q)-

Notice that fA is the solution to the elliptic equation

~Af+f=fo, inQ,
Vf-n=0, ondQ.
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Substitutingv = f* — finto 5L} (f},v) = 0implies
interior L2 error interior gradient error
£ _fOH%Z(Q) A |- f()ﬁ-p(())
= Mfo, fo— F)izq) < MAfollz o I1F* = follz (-
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Substitutingv = f* — finto 5L} (f},v) = 0implies
interior L2 error interior gradient error
I - fOH%Z(Q) A |- f()ﬁ-p(())
= Mfo, fo— F)izq) < MAfollz o I1F* = follz (-

» Interior L2 error:
A
17~ follay < 221A ol
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Substitutingv = f* — finto 5L} (f},v) = 0implies
interior L2 error interior gradient error
I - fOH "‘/\ - foﬁil(g)
(Afoffo - fA)LZ(Q) < Mafollzllf* = folliz

» Interior L2 error:
A
£~ folltay < AI8folRq

» Interior gradient error:

Y = folznay < MBfolIZ
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Substitutingv = f* — finto 5L} (f},v) = 0implies
interior L2 error interior gradient error
Hf)\ fOH +/\ ‘f/\ f0|%_p(Q)
(Afoffo - f)\)LZ(Q) < Mafollzllf* = folliz

» Interior L2 error:
A
£~ folltay < AI8folRq

» Interior gradient error:

Y = folznay < MBfolIZ

The Sobolev-penalized regressor f* is an estimator of f; in both Lz-norm and H'-semi-norm.
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Semi-Supervised Deep Sobolev Regression
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Sobolev-Penalized Risk

LNf)=E x) [(Y = f(X )] +)\|f|%41(0)

» The expectation is intractable. Monte Carlo Approximation

» Minimization over the measurable function class is intractable. Parameterization
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Sobolev-Penalized Risk

LA(f) == By [(Y = £(X)?] +)\|f|%41(0)

» The expectation is intractable.

» Minimization over the measurable function class is intractable.

Monte Carlo Approximation

Parameterization

Empirical Sobolev-Penalized Risk Minimization

J,(Zt,m € arg min /L\)nt,m (f) =
feconv(F)

Ly i,
i=1

> Labeled data: (X;,Y;) ~bdd p
> Unlabeled data: Z; ~dd. unif(Q)
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Sobolev-Penalized Risk

LMf) i= E o) [(Y = £(X))?] + Alf i

» The expectation is intractable.

» Minimization over the measurable function class is intractable.

Monte Carlo Approximation

Parameterization

Empirical Sobolev-Penalized Risk Minimization

J,(Zt,m € arg min /L\)nt,m (f) =
feconv(F)

Ly i,
i=1

> Labeled data: (X;,Y;) ~bdd p
> Unlabeled data: Z; ~dd. unif(Q)
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e+ ZHVf I3

m =1

Semi-supervised framework

July 11,2025 12/26



Assumptions

> Al. Sub-Gaussian noise. The noise ¢ is sub-Gaussian with mean 0 and finite variance proxy 2.
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Assumptions
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> Al. Sub-Gaussian noise. The noise ¢ is sub-Gaussian with mean 0 and finite variance proxy 2.

> A2. Bounded hypothesis. There exists an absolute positive constant By, such that sup, . | fo(x)| < Bo.
Further, functions in hypothesis class F are also bounded, that is, sup . ., | f(x)| < Bo.

C. Duan (WHU) Semi-Supervised Deep Sobolev Regression July 11,2025 13/26



Assumptions

/' WUHAN UNIVERSITY

> Al. Sub-Gaussian noise. The noise ¢ is sub-Gaussian with mean 0 and finite variance proxy 2.

> A2. Bounded hypothesis. There exists an absolute positive constant By, such that sup, . | fo(x)| < Bo.
Further, functions in hypothesis class F are also bounded, that is, sup . ., | f(x)| < Bo.

> A3. Bounded derivatives of hypothesis. There exists positive constants {Bl,k}i:p such that

sup,cq |Difo(x)| < By forl < k < d. Further, the first-order partial derivatives of functions in

hypothesis class F are also bounded, i.e., sup..., |Dyf(x)| < By foreach1 < k < dand f € F. Denote
by B3 := y¢{_, B3,.
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Assumptions
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> Al. Sub-Gaussian noise. The noise ¢ is sub-Gaussian with mean 0 and finite variance proxy 2.

> A2. Bounded hypothesis. There exists an absolute positive constant By, such that sup, . | fo(x)| < Bo.
Further, functions in hypothesis class F are also bounded, that is, sup . ., | f(x)| < Bo.

> A3. Bounded derivatives of hypothesis. There exists positive constants {Bl,k}i:p such that
sup,cq |Difo(x)| < By forl < k < d. Further, the first-order partial derivatives of functions in
hypothesis class F are also bounded, i.e., sup..., |Dyf(x)| < By foreach1 < k < dand f € F. Denote
by B2 := d B2

y By := Y1 B

> A4. Regularity of regression function. The regression function satisfies Afy € L2(Q) and Vfy-n = 0
a.e. on 9Q), where n is the unit normal to the boundary.
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Error Decomposition
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Oracle inequality

Under A1 to A4. Suppose nn > log N(Byd, F,L*(D)) and m > max; log N(By xd, Dy.F, L?(8)). Then

E [Hﬁ/z\m - fOH%Z(Q)] < ﬁAz + Sapp(]:r)\) + Sgen(]:r”) + gfgee%(v_}‘ ),
H|V( n,m fO)H%Z(Q)] = .3)‘+)‘_1€app(]'—/}\) +)\_1€gen(-7:/”) +A” 1€rgeegn(v}-/m)r

where § = ||Afo\| o)t B3. The approximation error e,pp (F, A), the generalization errors egen (F, 1)

and sgen(V]-" m) are deflned, respectively, as

capp (F,2) = inf {If = folltaie + MV = fo) ey }o

21log N(Byé, F,L*(D))\ 2

{( ; )" +o}.
log N(By 10, Dy F, L%(8))

reg 2 /

Sgen(vj: m) = By g{) { 1<k<d m " 5}'

egen(F, 1) = (B} +o )(logn)gr;g
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Approximation error

Let O C K C R? be two bounded domain. Set the hypothesis class as a deep ReQU neural network
F = N(LW,S)withL = O(log N) and S = O(N?). Then for each ¢ € C*(K) withs € N>», there
exists f € F such that

If = #llr2ia) < CN 1@ llesx)
IV (f = 9)lli2(q) < CN™E~ 1”4’”0

where C is a constant independent of N.
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Approximation error

Let O C K C R? be two bounded domain. Set the hypothesis class as a deep ReQU neural network
F = N(LW,S)withL = O(log N) and S = O(N?). Then for each ¢ € C*(K) withs € N>», there
exists f € F such that

If = #llr2ia) < CN 1@ llesx)
IV (f = 9)lli2(q) < CN™E~ 1”4’”0

where C is a constant independent of N.

Generalization error
Suppose the activation function is piecewise-polynomial. Let D = {X;}" ; and 8 = {Zj}]f”zl. Then
B
log N(3,N(L,S, B), LA(D)) < LSlog(8) log (”7)

log N (8, DeN(L, S, B), L2(8)) < L2Slog(S) log (’”TB>
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Convergence Rate i)
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Under Al to Ad. Let Q C K C RY be two bounded domain. Assume that fo € C°(K) withs € N>».
Set the hypothesis class as a deep ReQU neural network class F = N(L, W, S) with L = O(logn) and

SES O(nd%s). LetA = O(n~ 7% log® ). Then
E[|fdn — follb | < O(n 75 10g* 1) + O (175 logt nm 1),

E {Hv(ﬁl}\,m - fO)H%Z(QJ < O(”_ﬁ‘*s 10g2 71) + O(Tlﬁ 10g2 nmil).
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Convergence Rate
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Under Al to Ad. Let Q C K C RY be two bounded domain. Assume that fo € C°(K) withs € N>».
Set the hypothesis class as a deep ReQU neural network class F = N(L, W, S) with L = O(logn) and

SES O(nd%s). LetA = O(n~ 7% log® ). Then
E[|fdn — follb | < O(n 75 10g* 1) + O (175 logt nm 1),

E Mv(frl)\,fn 7](0)“%2(0)} < O(”_ﬁ‘*s 10g2 71) + O(ﬂﬁ 10g2 nmil).

Simultaneously estimate both the regression function f and its gradient V f.
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O Applications and Numerical Experiments
Derivative Estimations
Nonparametric Variable Selection
Inverse Problems
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Derivative Estimations

v observation — =e= LS
----- target SDORE

8 l-“ﬁ}“" LV 4
= - Dy v "™
R s B L2
| N
9 ~t¢:“ V. 0
S Wing
=] x -2
2 v

T T T T T T

fo(x) =14 36x% — 59x> + 21x° + 0.5 cos(7rx) 00 02 04 06 08 10
50

1]
2
;@ \ 25
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kel , "!u:,_,.:,_,:‘_,.f.--'\

o o —25
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Nonparametric Variable Selection ﬁﬁﬁ) ?’k ii * ‘f
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» AS5. Sparsity structure
There exists f : R? — R (1 < d* < d) such that for each x := (x1,...,x4) € RY,

fO(xlr" .,Xd) = fg(xﬁ/"'/xjd*)/ {jll"'ljd*} c [d]
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Nonparametric Variable Selection
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» AS5. Sparsity structure
There exists f : R? — R (1 < d* < d) such that for each x := (x1,...,x3) € RY,

fO(xlr" .,Xd) = fg(xﬁ/"'lxjd*)/ {jll"'ljd*} c [d]

The derivatives can indicate whether a variable is relevant to the output.
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Nonparametric Variable Selection
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» AS5. Sparsity structure
There exists f : R? — R (1 < d* < d) such that for each x := (x1,...,x3) € RY,

fo(xl,. . .,xd) = fa‘(xj1,. . .,X]'d*), {jl/- . 'de*} - [d]
The derivatives can indicate whether a variable is relevant to the output.

Relevant variable

> Avariable k € [d] isirrelevant for the function f with respect to Lebesgue measure on Q), if
Dy f(X) =0 almostsurely,

and relevant otherwise. The set of relevant variables is defined as

Z(f) = {k € [d] : | Defllr2() > O}
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Is fo sparse?  Convergence rate

E[lFtm = follfx )] X O(n~7%)
E[Hﬂm *fOH%z Q)] v (5(117»127@)
E(I1V (B = f0) 1720y X O(n~7iw)
E[|V(Fm = folllf o) v O(n~w)
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Is fo sparse?  Convergence rate

E[lFtm = follfx )] X O(n~ %)
E[Hﬂm *fO”%z Q)] v (5(1170127@)
E[IV (Fim — folllfcy) X O(n~ %)
E[|V (fam — o) 32 v O(n~ )

Selection consistency

Under Al to A5. It follows that

lim Pr {I(fo) - z(f,ﬁm)} —1,

n—

where A = O(n~ 7% log? n), and m is sufficiently large.
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3 4
folx1,...x0) =Y Y xx;. sparse structure

i=1j=i+1
LS SDORE
0.4 SE: 0.045 s SE: 0.031
PE: 0.596 . PE: 0.363
0.3
1.0
02 i — — — Z3% threshold
0.5
0.1
75% threshold
0.0
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Inverse Source Problem N
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Elliptic equation with unknown source

=V (a(x)Vu(x)) +c(x)u = f(x), inQ,
Vu-n=0, on Q).

Measurement model
Y =S(FH(X) +&

» ut = S(f*)is the solution to the elliptic equation.
» X ~ unif(Q)), and ¢ ~ subG(c?) is the random noise independent of X.
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Recovering Procedure

» Sobolev-penalized regression using interior measurements

1 n
nm € argmin an = Z o Z [Vu(z ||2
ueconv(U) i=1
» Interior position-measurement pairs: {(X;, Y;)} ;. expensive
» Positions variables Z1, ..., Z, ~'4 unif(Q) very cheap
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Recovering Procedure

» Sobolev-penalized regression using interior measurements

1 n
nm € argmin an = Z o Z [Vu(z ||2
ueconv(U) i=1
» Interior position-measurement pairs: {(X;, Y;)} ;. expensive
» Positions variables Z1, ..., Z, ~'4 unif(Q) very cheap

» Recovering unknown source using gradient estimator
Find f;},,, such that for each v € H(Q),

(“(x)vm‘},iw vU)LZ(Q) + (C(x)ﬁl);,mrv)Lz(Q) = (]?n/\,mrv)Lz(Q)'

Since 1y ,, € H?(Q), we find

frw ==V (a(x)Vi),,) +c(x)Vii,,, € L2(Q).
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Convergence rate in weak norm

(a) Clear data
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(b) Noisy data
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(c) Exact source
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(e) Point-wise error
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© Conclusions
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Conclusions
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> Simultaneously estimations of both the regression function and its gradient.
» Nonasymptotic convergence rate.
» Applications in nonparametric variable selection and inverse problems.
Reference: Zhao Ding, Chenguang Duan, Yuling Jiao, and Jerry Zhijian Yang. Semi-Supervised Deep Sobolev

Regression: Estimation and Variable Selection by ReQU Neural Network. I[EEE Transactions on Information
Theory, 2025.

Thanks for your attention!

Homepage:

https://chenguangduan.github.io/

Google Scholar:
https://scholar.google.com/citations?user=RpmGgyMAAAAJ
Email: cgduan .math@gmail . com
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