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Abstract

Data is important in many deep learning-based inverse problem solvers. However, obtaining sufficient
paired data in many scenarios remains highly challenging, while unpaired data is cheap. To maximize data
utilization, this paper proposes LUD-DIF, a diffusion-based approach for solving inverse problems with
unpaired data. Starting from the evidence lower bound (ELBO) of the joint distribution, we decouple it into
two independent diffusion processes under the weak-coupling assumption. The method provides theoretical
support from a variational inference perspective, derives the loss function, quantitatively analyzes the
error bound introduced by the assumption, and offers a theorem-motivated heuristic for hyperparameter
selection. Experimental results demonstrate that LUD-DIF achieves outstanding performance on multiple
image inverse problems, validating its effectiveness and generalization capability in unpaired inverse
problem settings.
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1 Introduction

Inverse problems are widely encountered across numerous disciplines including computer vision [35], geophysical
exploration [45], and biomedical imaging [6]. These problems share a classical mathematical framework:

y=Az) + =,

where A denotes the forward observation operator and = represents the observation noise. The goal of
solving inverse problems is to robustly recover the unknown state x from the observed data y. However, in
real-world scenarios, the noise distribution is often unknown, and the observation operators typically exhibit
highly nonlinear or low-rank characteristics, leading to the typical ill-posedness of inverse problems [19].
Traditional methods typically rely on certain prior assumptions (such as sparsity, smoothness, or low-rank
structures) [40, 38] or employ maximum a posteriori (MAP) estimation and Bayesian inference under the
assumption of Gaussian noise [39].

In recent years, deep learning techniques have brought a paradigm shift to solving inverse problems by
training deep neural networks to learn complex mappings from observations to the underlying states directly
from data [20]. These learning-based approaches have surpassed traditional model-based regularization
methods in many fields. They are capable of implicitly capturing high-dimensional and nonlinear data
distributions and have achieved remarkable success in classical inverse problems such as image processing [32],
seismic wave inversion [2], and X-ray imaging [11].

Nevertheless, the exceptional performance of such end-to-end learning methods heavily relies on a
prerequisite that is difficult to satisfy in practical applications: the availability of a large number of paired
samples {(z;,v:)} ~ p(x,y) for supervised training. In some real-world scenarios, such as medical or
astronomical imaging, acquiring paired data is prohibitively expensive or entirely infeasible. Researchers
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are often restricted to accessing only independent ground-truth data {z;}~ ; ~ p(z) and observation data
{y, }j"il ~ p(y). This limitation has emerged as the primary bottleneck restricting the widespread application
of deep learning in complex inverse problems. To alleviate this issue, some studies have attempted to perform
self-supervised or unsupervised learning relying exclusively on the observation data {y;} [24, 22]; however,
these approaches typically depend on strong heuristic priors. Another line of research utilizes only the
ground-truth data {z;} to pre-train deep generative priors p(x), which are subsequently combined with
posterior sampling for problem resolution [8]. Yet, such methods generally require exact knowledge of both
the forward observation operator and the noise model.

Unpaired learning attempts to simultaneously exploit information from the marginal distributions p(z)
and p(y) but without paired samples. From a probabilistic perspective, the essence of unpaired learning lies
in inferring and modeling the joint distribution p(x,y) under the constraint of these marginal distributions.
Researchers often formulate unpaired learning as a generative problem, i.e., the generation of the corresponding
y from a given z. Following this line, Generative Adversarial Networks (GANs) have been extensively applied
due to their powerful cross-domain generation capabilities [25, 43, 3]. Nevertheless, these methods suffer
from mode collapse and training instability, and they lack a rigorous probabilistic explanation. Variational
Autoencoder (VAE)-based methods offer enhanced interpretability by introducing latent variables and
optimizing the Evidence Lower Bound (ELBO) [48]; however, constrained by strong assumptions regarding
the latent space distribution, their generation quality is often significantly compromised. Recent diffusion-
based methods have begun to address conditional generation from unpaired data. OTCS constructs an
optimal-transport coupling and trains a conditional score model using unpaired or partially paired data [12].
Diffusion Distribution Matching learns an unknown forward operator from unpaired clean and degraded
images through conditional flow matching [30], whereas RealDGen synthesizes paired super-resolution data
from unpaired HR and LR images using a content—degradation-decoupled diffusion model [34]. Schrédinger-
bridge methods provide another coupling-based approach to unpaired translation, with recent bridge-flow
formulations reducing repeated diffusion-model training [28, 14, 21, 9]. Relatedly, DRDD interprets Gaussian
perturbation as a domain-harmonization mechanism for data-efficient image translation [27].

Despite this progress, a principled framework for deriving a likelihood-based conditional diffusion objective
from fully unpaired marginals and quantifying the bias induced by the surrogate coupling remains under-
explored. To address this gap, we propose LUD-DIF (Learning from Unpaired Data via Diffusion Model)
for inverse problems with unpaired data. LUD-DIF constructs proxy pairs through diffusion alignment and
derives a trainable dual-path conditional diffusion objective from a marginal-conditional decomposition of
the joint ELBO. This formulation relies solely on unpaired marginal samples and explicitly quantifies the
bias induced by the weak-coupling approximation. The main contributions are summarized as follows:

e From the perspective of variational inference, we decouple the ELBO of the joint distribution under
a reasonable data prior assumption. This provides a feasible training algorithm for solving inverse
problems with unpaired data using diffusion models.

e We quantitatively analyze the theoretical error bound introduced by our assumptions. Based on
this analysis, we propose a theorem-motivated heuristic for selecting the hyperparameters (S, V),
establishing a theoretically grounded, practical strategy for model tuning.

e We validate the proposed method on natural image denoising and super-resolution datasets. Experi-
mental results demonstrate that LUD-DIF achieves outstanding performance across these tasks.

2 Preliminaries

Diffusion models [16, 37] learn to approximate an unknown data distribution py, by gradually adding noise
to the data and then learning to reverse this process. We briefly introduce the main components of diffusion
models.

Forward process Let T € N,. The forward process adds noise via a fixed Markovian chain:
T

PUL 7 |Uo (W17 |U0) = HpUt|Ut,1(Ut|ut71);pUt\Ut,1<'|ut71) =N (Vogue—1,(1 — oy)1q), (2.1)
=1



where {a;}7_; C (0,1) is a prescribed variance schedule [16]. Let ag := 1 and & = [[._, ;. Iterating this
recursion yields the closed-form conditional marginal distribution for U; given Uy = uyg:

Pu, U, (-[uo) = N(Vawuo, (1 — at)la). (2.2)

As ar — 0, the final distribution py,. |y, converges to a standard Gaussian N(0, I5).

Reverse process To construct a generative model, the reverse process is parameterized as a Markovian
chain with learned transition kernels starting from py,. (ur) = N(0, I4):

P, o, Clue) = N (ud (wr), 07 1), (2.3)

where pf : R? — R? is a neural network and o? is a prescribed variance schedule.

ELBO formulation Diffusion models are trained by optimizing the Evidence Lower Bound (ELBO) of the
log-likelihood. Through Markovian properties, the ELBO can be rewritten as a tractable decomposition [16,
Appendix AJ:

ELBO(6;u0) = —DxL(puy|u, (-[uo)Ipur) + E[1og pfy, v, (0| Ur) |Uo = o]

T (2.4)
= > E[Dk(pu, 10,00 (10 w0) 198, 17, (1U2)) [Uo = wo.
t=2
The first term is constant due to the construction of the forward process, and the second term is the

reconstruction term. Moreover, we have py, ., |u,,u, (|t uo) = N (fie(ue, uo), Blq), where

Var(l— 1) 5, - (1-ai1)B

Ut , Bt = 1 a
- g

Q104
T—a Ot 1.4,

ﬂt(ut,uo) = 5 (25)

where 8; = 1 — a;. Substituting (2.5) into (2.4) yields the mean-squared error loss function:

T
1 _

L(0) =E Zig“/i?(Ut) —ut(Ut7U0)||§ )
207

t=1

where fi1(u1,up) == ug.

3 The LUD-DIF method

3.1 Problem Formulation
Consider a general inverse problem modeled as
Yo = A(Xo) + E, (3.1)

where A is the forward operator and = denotes the noise. In the unpaired data setting, we are given samples
from the marginal distributions
iid. i.i.d.
X(%)"w é\[l}\‘ PXxos YO17"'5}/0N1}V Pyy,

and the goal is to recover the joint distribution px, y,. If the noise distribution were known, one could
directly characterize the conditional distribution py;|x, via the forward model (3.1), and thereby recover
the joint distribution. However, in practice, the noise distribution is typically unknown and may be highly
complex, which poses the main challenge in estimating px, v, -

In this work, we model the noise conditionally as = ~ pz|4(x,)- By treating A(Xo) as an effective signal
variable and relabeling it as Xg, the forward model can be reduced to

Yb = X() + E, E ~ pE|X0' (32)

This reformulation reduces the problem to estimating the conditional noise distribution, which we refer to as
the noise modeling problem.



Remark 3.1. If the forward operator is unknown, it can be replaced by an approximate unbiased operator .,21\7

o~

ie., E[A(Xo)] = E[A(Xy)], that incorporates prior information. In this case, the model can be written as
Yo=A(Xo) +5,  E=E+A(Xo) — A(X).
The residual term is absorbed into the effective noise Z, and the model is again reduced to the form in (3.2)
with E[E] = E[Z).
Accordingly, in the following, we focus on this noise modeling problem.

Data preprocessing. Let 0% = 1E[||Xo — pux||3] and 02 = 1E[||Yy — py 3], where pux = E[X,] and
uy = E[Y;]. We normalize the data by

- Xy - Y
Xo=22 v, =2 (3.3)
ox gy

This normalization aligns the scales of the two marginal distributions, making their amplitudes comparable
when constructing a joint diffusion process for Xy and Yy. For notational simplicity, we assume that this
preprocessing step has been applied and, in the remainder of the paper, use Xy and Y to denote the
normalized variables X and Yj.

3.2 Learning joint distribution via diffusion models
Let Zy == (Xo,Y0) ~ px,,v, denote the true but unobserved joint data distribution. We construct a diffusion

process on the joint variable Zj by specifying an appropriate reverse process.

Forward process Treating the joint variable Z; := (Xy,Y;) as the counterpart of U, in (2.1), we define the
joint forward diffusion process as

X =vVoauXi1+vV1—oy 5tx_1, Y, = VoY1 + V1 — oy 52/_1, (3.4)

where €% ;,e_; ~ N(0,1,) are independent standard Gaussian noise variables that are independent of X;_q
and Y;_1. We establish the following factorization result that decouples across Xy and Yj.

Proposition 3.2. Let Z, = (X;,Y;) follow the forward process (3.4). Then we have

Pz, (2t120) = Px,1x0 (Te]T0) Py, vo (W2Y0), (3.5a)
P2, 1120,20 (2t—1]2t, 20) = DXy _1|X0, X0 (Te—1|Te, T0)Dy, v, vo We—1|Yt, Y0)s (3.5b)

where z; == (x4, Yt).
Proof. See Appendix A.1. O

Reverse process Since paired samples (Xo,Yy) ~ px,,v, are unavailable in the unpaired setting, it is
difficult to directly adopt the reverse process parameterization (2.3) used in classical diffusion models. To
construct a tractable variational reverse process, we first note that, for the X-first autoregressive ordering,
the exact reverse transition kernel admits the chain-rule factorization

pzt,l\zt(zt—l \ Zt) = DX 1|X:,Ys (xt—l | l‘t,yt)pyt,ﬂxt,l,xt,m(yt—l \ xt—l,l"nyt)-

This identity only motivates the autoregressive ordering. In the variational model, we do not attempt to
represent the two exact conditionals above. Instead, we restrict the reverse model to a tractable factored
Gaussian family:

0 ) 0
Pzt,l\z,,(zt—l | 2¢) = Px, ,x, (zt-1 | xt)Py,,,l\xt,l,yt (Y1 | Te—1, Y1) (3.6)
= /\/(ﬂﬂtq;ﬂgc,t(xt), Uffd) N(yt—l; ngx,t(yt,fftﬂ), U?Id)~

The omission of y; in the first factor and x; in the second factor should be understood as a restriction of
the variational family, rather than as a conditional-independence assumption on the true reverse process.



Intuitively, the X-reverse kernel is used to model the clean structural marginal, for which x; is the most
direct noisy observation, while the Y-reverse kernel is conditioned on the less diffused structural state x;_1
together with the noisy observation y;. This design keeps the conditional diffusion model trainable from the
weak-coupling samples introduced below. Since both factors in (3.6) are normalized conditional Gaussian
densities, their product defines a valid conditional density over (z;—1,y:—1) given (¢, yi).

Based on the above parameterization, we show that the proposed reverse process admits a corresponding
decomposition of the ELBO.

ELBO formulation Analogously to (2.4), we identify Z; with Uy and define the objective function as the
negative-ELBO loss function:
Ljoint(e) = *EZO [ELBOZ(G, Zo)] , (37)

where ELBOy is given by

ELBOZ(6; 20) == — DxL(pzs)2,(120) |P2s) + E |log p%, 7, (201 Z1)| Z0 = ZO}

T (3.8)
-> E {DKL (2112020 (21 20) PG, 12, (1 %0)) | Z0 = 20} :

t=2

Since paired samples zop = (2o, Yo) ~ Dx,,v, are unavailable, we decompose the joint ELBO under the
variational family in (3.6) into an X-marginal ELBO and a conditional Y|X ELBO.

Proposition 3.3 (Decoupling of joint ELBO). Let the joint diffusion process {Z;}1_, be defined by (3.4)
and (3.6), and let ELBOy be given by (3.8). Then the following decomposition holds:

ELBOz(0; z0) = ELBOx (0; 20) + ELBOy|x (6; 20) + C(20),

where C(zg) is a constant independent of . The marginal ELBO ELBOx is

ELBOX(G;JZ()) =K [InggfolX1 ($0|X1)|X0 = 330:|

T
=3B [Drwpx, s xeox (X 20)lIpk, x, (1X0)| Xo = o] (3.9)

t=2

The conditional ELBO ELBOy|x is
ELBOyx (6; 20) = E[log Y, | x,.v, (W0 | %0, Y1) | Zo = 20]

T
= > E[Di (pvi e (1Y 10) || 4 x, i (1 X0 Y0) [ Zo=20]. (3.10)
t=2

Proof. See Appendix A.2. O

Using the parameterizations in (3.6), we obtain, up to a constant,

T
1 -
— E[ELBOx (0;20)] =E ?”/Jg(,t(Xt) — (X1, Xo)lI3 = Limarg(6), (3.11)
t=1 "t
T
— E[ELBOy|x(6;20)] =E > @Hu@\x,t(Yt, Xi-1) = fie(Ye, Yo) I3 = Leona(6). (3.12)
t=1 "t

Collecting —E[C(Z))] and all other terms independent of # into a constant C, the overall loss function becomes

Lioint(0) = —E[ELBOz(0; Zy)] = Lmarg(0) + Leona(6) + C. (3.13)



This formulation serves as the ideal loss for learning the joint distribution. Notably, Lmarg(6) can
be estimated using samples from px,, whereas Lcona(6) requires samples from the joint distribution of
(X¢-1,Y:,Yp), which depends on

DXt 1Y Yo (Te—1,Yt,Y0) = /pXt,1|XU(=Tt—1|$0)pXO\YU(ZO‘yo)th,Yo(yt’yO)d$O~

However, the available marginal distributions px, and py, alone do not uniquely determine the joint
distribution. As a result, the conditional distribution px, |y, remains inaccessible in the unpaired setting.
In many inverse problems, high-dimensional noisy signals are more easily obscured by additional Gaussian
perturbations than are the underlying dominant structures. Motivated by this observation, we introduce the
following weak-coupling assumption.

Assumption 3.4 (Weak coupling). There exist time steps 0 < V, .S < T such that

PXo|v, ([¥0) = p%TIffD( o), o € RY,

where p")v(‘z%‘,o and p}iﬂ‘%}s are defined as

P, (o) = Benvo.ry [P, (1v/Gsyo + VI = as€)| (3.14)
p")‘gﬁ%‘,s( |w) = px,|x, (-lw), Ywe R (3.15)

Remark 3.5. For Gaussian white noise with variance o2, this coupling assumption is exact when we set S =0

2
—7Xthereby matching the signal-to-noise ratio of the measurement.
er%a

and choose V such that ay =
Remark 3.6. For the general case, the assumption relies on two approximations: (i) Alignment approximation:
pX0|yS(- | w) = pX0|XV(~ | w), which assumes that the noisy representations of the two modalities become
structurally indistinguishable at suitable noise levels; (ii) Perturbation approximation: px,y,(- | %o) ~
Eenr0,14) [pX0|yS( | Vasyo++/1—as 5)} , which assumes that the perturbation Yg preserves sufficient
information about Xy. These two approximations induce a trade-off in the choice of the time steps S and
V. When S is small, the perturbation approximation is nearly exact, whereas the alignment approximation
is difficult to satisfy. As S and V increase, the alignment approximation improves, but the perturbation
approximation deteriorates due to information loss. Therefore, the practical effectiveness of the weak-coupling
assumption depends on selecting S and V to balance these competing effects.

The weak-coupling distribution can be sampled using only marginal data:
1. Draw (Yo, €) ~ py, @ N(0, I);
2. Define Yg = /ag Yo + 1 — asé&;

3. Draw X§® ~ py,|x, (- | Ys) via reverse process.

By replacing the inaccessible conditional distribution px,|y, with the proxy conditional distribution p}ial‘l%

n (3.12), we define the weak conditional loss as
=1
L (0) =E| Y o 507 11 .0 (Ya, X375%) — e (Y, Yo) 13 (3.16)
t=1

where

Weak = /ay_1 X“’ea“k 1—a_1e™, Y, =Va Yo+ V1 —aue’,
with eX,e¥ ~ N(0, ;) independent of each other and independent of X2k and Y. Therefore, Xk i
conditionally independent of Y; given Y. This modification avoids the need for paired data and makes

the conditional loss computable. The next theorem shows the equivalence between L¥°2%(9) in (3.16) and
Leonda(9) in (3.12) under Assumption 3.4. We define

Lyear(0) = Limarg(0) + LYX(0) + C, (3.17)

cond

where Lyarg(0) is defined in (3.11) and L¥°2k(6) is defined in (3.16).

cond



Theorem 3.7. Suppose that Assumption 3.4 holds. Let Lioint(0) and Lyeax(0) be defined as (3.13) and (3.17),
respectively. Then we have
Leond (9) = Lwcak(a).

cond

Thus, Ejoint (6) = £wcak(0)-
Proof. See Appendix A.3. O

Theorem 3.7 provides a consistency result: when the weak-coupling construction matches the true posterior
coupling, the computable weak objective coincides with the ideal paired-data objective. When the assumption
is relaxed, Section 4 quantifies the resulting bias. Algorithm 1 summarizes the training procedure. Since
the objective is decoupled into marginal and conditional terms, the two diffusion models can be trained
separately, improving the training efficiency of the conditional model.

Algorithm 1 LUD-DIF Algorithm: Training Process
1: Initialize parameters S, V, a; of the model.
2: for each training iteration do
3:  Sample X ~ px,, Yo ~ py, and ¢t ~ Uniform{1,...,T}.
Generate X; ~ px,|x,(-|Xo) and Y; ~ py, |y, (-[Yo) via the forward process (3.4).

weak weak

Generate proxy sample Xg* ~ py*es (-[Yp) as defined in (3.14) and (3.15).
Construct X;—1 = /&_159(Xy°) + /T — ay_1£ where & ~ N (0, I).
Compute Lx = g5oz[luk ,(Xe) — (X, Xo) |12

Compute Ly|x = 5oz [l15x (Ve Xe—1) — fu (Y2, Yo) |1*.

9:  Update ¢ by minimizing Lyeax = Lx + Ly |x-

10: end for

4 The Bias Analysis without Assumption 3.4

Theorem 3.7 establishes the equivalence between Ljoint and Lyeak under Assumption 3.4. Here, we quantify
their discrepancy when this assumption is relaxed:

A= |£j0int - ‘Cweak‘- (41)

Throughout this section, px,|x, denotes the exact conditional distribution, so learning and sampling errors
are excluded. Following the normalization in (3.3), we consider
- ox 1

Xo+ —E, (4.2)
oy oy

Yo

where E is assumed to be independent of Xj. A concise extension to signal-dependent conditional noise is
given in Appendix A.7. The resulting bounds also guide the selection of the weak-coupling time steps S and
V. We first state the required technical assumptions.

Assumption 4.1 (Polynomial growth of networks). The expectation neural network ,uf,l P R? x R — R?

defined in (3.6) is bounded by a polynomial uniformly over the parameter set O, i.e., there exist C' > 0 and
m > 1 such that for any # € © and y;,z € R,

13 x.0 (We 213 < CO gel5 + [l ]5)-

The polynomial growth of the neural network in Assumption 4.1 can be ensured in practice by truncation
or weight clipping. Note that the expectation fi;(y:, yo) defined in (2.5) is a linear combination of y; and yo;
thus, under Assumption 4.1, there exists a constant K > 0 such that

0 ~ X ,2
118 x.2 (e 2) = (e, yo) 13 < KL+ Nyelly ™™ 4 22 + Ilyol2).

Here K is a constant depending only on C and the variance schedule of the diffusion model.
Before proceeding with the data distributions, we note the necessary variable assumptions supporting the
scaling properties.



Assumption 4.2 (Data and noise distribution). The normalized clean data X, admits a probability density
Dx, With respect to the Lebesgue measure on R4 and is supported on a compact set X € R%. The noise Z is
independent of Xy and is centered, i.e.,

Moreover, = admits a probability density p= satisfying
Pzl Lo (rey < M=,
and has a bounded 2 max{m, 2}-th moment:
B3] < Mz,

for some finite constants Mz, Mz ,,, > 0.

Since Yj is a linear combination of the bounded Xy and the noise Z, it naturally follows that the noisy
observation Y; has finite 2 max(m, 2)-th order moments.

The Total Variation (TV) distance between two probability density functions p; and ps is defined as
[p1 — pollrv = % [ [p1(z) — p2(z)| dz. The following proposition shows that the error of the weakly coupled
loss function can be controlled by the expected TV distance between the true posterior px, |y, (:|Yp) and the

weakly coupled posterior p%‘zall% (-|Yo).-

Proposition 4.3. Suppose Assumptions 4.1 and 4.2 are fulfilled. Then there exists a sequence of positive
finite constants {My}1_, such that the error function is bounded by

T
A<
25

where My is a constant depending on C, Ry = sup,cy ||z||2, dimension d, moment bound Mz ,, scales
ox,0y, and the variance schedule.

E

1
P, [lIpxoivs (1Y0) =m0, (1Yo v

Rl )

Proof. See Appendix A.4. O

From Proposition 4.3, in order to estimate the error A of the weakly coupled loss function, it is sufficient
to bound the expected TV distance between the weakly coupled posterior and the true posterior:

Ay =By, [Ip%%, (1¥6) = pxoivo (Yo v ] (4.3)

Recall that p%j‘l;o (-[Yo) = Eyg )y, [Pxo|xv (1Ys)]. By Jensen’s inequality, the expected TV distance A, between
the weakly coupled posterior and the true posterior can be decomposed as
AP < EYO]EYslyo [HpXole('lys) _pXo|Yo('|Y0)”TV]
< By, [Ipxo1xy (1Ys) = pxolvs CI¥s) mv] +Evovs [[IPx0]vs (1Ys) = Pxopye (1Y) lv] - (44)

alignment error perturbation error

The first summand in (4.4) represents the alignment error, arising from the structural discrepancy between
the noisy signal Xy and the noisy measurement Yg. This corresponds to the error introduced by the alignment
approximation in (3.15). The second summand represents the perturbation error, which stems from the
information loss in Ys due to the perturbation to Yj.

To establish rigorous bounds for these errors, we introduce the stability assumption on the posterior
distribution with respect to the change of observation.

Assumption 4.4 (Posterior stability). There exists a constant Lps > 0 such that

XolYo\"lY0) — PXo|YoUlY0 /I TV = Lpost||Yo — Yoll2» 07 Y0 .
120 1vs C196) = Pxopye Clud) TV < Lpostllyg — vall2: Vus, v € R?



The stability of the posterior distribution with respect to perturbations of the observations has been
extensively studied in the context of Bayesian inverse problems [39]. We adopt it here as a mild regularity
assumption. Appendix A.7 records a sufficient condition: under Assumption 4.2, a positive noise density
whose log-density has a bounded Hessian induces a TV-Lipschitz posterior map. This condition covers
Gaussian noise and a broad class of non-Gaussian cases.

The following theorem provides explicit upper bounds for the perturbation error and the alignment error
in terms of the diffusion time steps S,V and the noise = under the stated assumptions.

Theorem 4.5 (Error bound for the weakly coupled loss function). Suppose Assumptions 4.1, 4.2, and 4.4

are fulfilled. Let o2 = YE[|23] be the scalar variance of the noise Z. Then

1—ag ‘O’y ay —O0x 645|
A, < Loosiy/2d Dk (p= || N(0,021,)),
p < Lyowy[ 20— 4 ¢ VTR 4 e [ = | N(0,0210)

perturbation error alignment error

where the constants (s and ng are defined as

Moreover, the error function A satisfies

T 3
M; 1—a oyvVay — oxva
S = ST

t=1

Proof. See Appendix A.5. O
We define a conditional distribution in (3.14), which induces a conditional distribution of Y given Xeak:
PYArR, Clzo) o pXSTY, (ol )pves w0 € X. (4.5)

The following corollary provides an expected TV-bound.

Corollary 4.6 (Conditional generative error). Under the same assumptions as in Theorem 4.5, let pgv,;"*l)léo be
the weakly coupled conditional distribution defined in (4.5). Then we have

Ex, [lIpyo1x0 (1X0) — pY<FX, (1 X0) 1]

1—ag |O’y ay —oOx 075‘
< 2Lposty/2d 2 251/ Dk (p= || N(0,0214)).
< 2o [2d— % 425 I TVES s Dy = | M0, 021)

Proof. See Appendix A.6. O

Remark 4.7 (Selection of time steps S and V). The bounds motivate the variance-alignment condition
ay ol = ago%, which eliminates the mean- and variance-mismatch terms. For additive Gaussian white noise,
the non-Gaussianity term vanishes, while setting S = 0 eliminates the perturbation term, recovering the
exact formulation in Remark 3.5.

For practical noise, bounding the exact discrepancy is challenging. We therefore propose a simplified
250=

Fvvias and

heuristic objective for selecting a suitable S. Specifically, we use ox ~ oy to simplify ng =
approximate the KL divergence as Dxr(p=z || N(0,0214)) ~ |k(Y) — n(X)|2, which gives

_ . 1-ag as A
Q¢ = arg min /\\/ — —i—\/ — K,Y—KX)Z , 4.6
s asge(o,l] ( as 1-ag ‘ ¥) ( )‘ A |5(Y) = K(X)| (46)

where the hyperparameter \ = M theoretically aggregates the constants from the error bound to

balance the two components, and x( -):denotes the standardized dimension-averaged excess kurtosis, defined
by
1
R(X) = — E[||X — E[X]|3] — (d+2).
Ox
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Figure 1: Comparison of the modeling capabilities of LUD-VAE and LUD-DIF for different simulated noises on
the BSDS300 dataset. (a) Scatter plot of the KL divergence between the generated noise and the ground-truth
noise for each image in the validation set. Points below the y = x line indicate that LUD-DIF yields worse
results on the corresponding sample. (b) Comparison of the generated noise distribution curves between
the two methods. The selected sample points correspond to cases where both methods perform within the
25%—-50% best range across all noise types.
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Subsequently, the coupling step V' is determined by the variance alignment constraint ay = (0% / U%)dg. In
practice, A can be empirically calibrated using synthetic noise data.

5 Experimental Results

In this section, we evaluate the performance of LUD-DIF on different tasks. First, we assess its ability to
model various simulated noise distributions on natural images. Next, we evaluate the model’s capability
in capturing complex real-world noise using a smartphone image denoising dataset (SIDD). Finally, we
demonstrate the applicability of our method to image super-resolution.

Given a clean sample xg, we first diffuse it to the aligned state xy, and then use the learned conditional
reverse process to generate the corresponding noisy or degraded observation yo. The generated pair (o, yo)
is then used either for evaluating the learned degradation model or for training a downstream restoration
network.

For implementation, we report the diffusion levels by their equivalent additive noise scales 75 and 7y,
rather than directly listing &g and @y . On the original data scale, these quantities are related by

1—ag 1—ay

TS = 0y — s TV = 0X — .
as ay

Under the variance-alignment condition ayo$ = ago%, this is equivalent to 73 = 72 4 02, where o denotes
the standard deviation of the degradation noise.

5.1 Simulated Image Noise

Dataset: We evaluate the capability of LUD-DIF in simulating image noise distributions on the BSDS300
dataset [29]. The BSDS300 dataset contains 300 natural images, of which 200 images are used as the training
set and the remaining 100 images as the test set. For images in the training set, we conduct training on
64 x 64 patches, while for images in the test set, we perform evaluation on 256 x 256 patches. The training
set is evenly split into two halves. One half is used to create four noisy datasets by adding Gaussian noise,
Poisson noise, salt-and-pepper noise, and a mixture of Gaussian noises to achieve a PSNR of 20 dB. The
other half serves as the unpaired clean dataset.
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Implementation Details: Our model consists of a diffusion model for clean images and a conditional
diffusion model for noisy images, both employing a UNet architecture. It is trained for 100k iterations using
the Adam optimizer with an initial learning rate of 1 x 10~%, which is gradually decayed to 1 x 10~ based
on the loss reduction. The batch size is set to 8 during training. For sampling, we employ the DDIM sampler
[36] with 50 steps and set the stochastic term 7 to 0.0. For Gaussian noise, we set 7¢ = 0. For Poisson
noise and mixed Gaussian noise, we set 7¢ = 0.50, where o is the standard deviation of the added noise,
and choose 7 = /72 + 02 following the corresponding variance-matching rule in our implementation. For
salt-and-pepper noise, we use the practical smoothing choice 7y = 79 = ¢. Furthermore, when constructing
the weak reconstruction px,|x, (:|Ys), we first smooth the input y by replacing all pixels with values of 0 or
255 with the mean value of their neighboring pixels.

Results: We visualize the generation results of LUD-DIF under different noise distributions, as shown
in Fig. 1 and Table 1. It can be observed that for Gaussian noise, both methods demonstrate strong
modeling capabilities. While LUD-VAE yields more stable generation, LUD-DIF exhibits larger errors on
certain instances. For unimodal distributions such as Poisson noise, our method effectively captures the noise
characteristics, generating noise images that closely approximate the real noise distribution. In contrast,
LUD-VAE fails to capture the noise properties in a significant number of samples.

For multimodal structures like Gaussian mixture distributions, our method successfully captures the
multimodal characteristics but fails to precisely reconstruct the true noise distribution. This is attributed to
the stronger non-Gaussianity and higher-order moment discrepancy of multimodal distributions, which is
qualitatively consistent with the non-Gaussianity term in Theorem 4.5. For discrete distributions such as
salt-and-pepper noise, the smoothing technique described above improves the generation quality of the weak
reconstruction px,|x, (-|Ys), thereby achieving better visual performance. However, since salt-and-pepper
noise is zero-valued at most pixel locations and diffusion models struggle to guarantee identity mapping at
these points, the KL divergence remains relatively high. Conversely, LUD-VAE is unable to effectively model
such extreme noise patterns.

Noise Type | Gaussian | Mixture Gaussian | Poisson | Salt-and-Pepper
LUD-VAE | 0.0017 0.2103 0.0147 1.6275
LUD-DIF 0.0023 0.1644 0.0043 0.7129

Table 1: Average KL divergence of LUD-VAE and LUD-DIF for different simulated noise types.

5.2 Real-world Noise Modeling

Dataset: We employ the Smartphone Image Denoising Dataset (SIDD) [1] to evaluate our method’s
ability to model complex real-world noise. The SIDD dataset contains noisy images and their corresponding
clean images captured by different smartphones under various lighting conditions. We use the SIDD-Medium
subset, which consists of 320 pairs of noisy and clean images. For each pair, we randomly crop 300 patches of
size 256 x 256, resulting in a total of 96,000 paired patches. When training the model, we use all 96,000 images
but do not utilize their pairing information, meaning that each iteration uses either clean or noisy images.
We refer to this training setup, in which paired data exist in the training set but the pairing relationships are
unknown, as Weak-Unpaired (WUP). To simulate a strict unpaired setting, we split these 96,000 images into
two halves: 48,000 images serve as the clean image set, and the remaining 48,000 images serve as the noisy
image set. We refer to this setting, in which no paired data are available during training, as Strong-Unpaired
(SUP). We use the SIDD validation set, which contains 1,280 images of size 256 x 256, for evaluation.

Evaluation Metrics: To assess the quality of the noise images generated by our method, we use
the clean images from the SIDD validation set to generate their corresponding noisy images. We then
evaluate the discrepancy between these generated noisy images and the real noisy images using the Fréchet
Inception Distance (FID) [15] and the Average KL Divergence (AKLD) between the synthesized and real noisy
images. Motivated by the kurtosis-based heuristic in Remark 4.7, we also report the Average Fourth-order
Moment Difference (AFMD) to measure the difference in fourth-order statistics between the generated noise
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Figure 2: Comparison of different methods for unpaired noise modeling on the SIDD dataset.

distribution and the real noise distribution:
1 ZN (i) (i)
AFMD = N t "%(nr;al) - K’(nf;ke)

where ”Eé)al and ng{(e represent the real noise and the generated noise of the i-th sample, respectively, and &
denotes the standardized excess kurtosis of the noise. Additionally, we generate noisy images on a portion
of the training set to obtain several pairs of noisy and clean images. These paired data are then used to
train a DnCNN denoising network!. The denoising performance is evaluated on the test set using Peak
Signal-to-Noise Ratio (PSNR) and Structural Similarity Index Measure (SSIM) [42].

Implementation Details: The network architecture is the same as that described in Section 5.1. The
model is trained for 300k iterations using the Adam optimizer, with the learning rate set to 1 x 10~* and
gradually decreased to 1 x 1076 based on the decline of the loss. During training, the batch size is set to
64, and the model is trained on randomly cropped image patches of size 64 x 64. For sampling, the DDIM
sampler is employed. To achieve better generation quality when generating noise for the validation set, we
use 200 sampling steps and set the stochastic term 7 to 0.5. For generating the training set for DnCNN,
which prioritizes faster generation speed while ensuring noise randomness, we use 50 sampling steps and
set 1 to 1.0. Due to the significant variation in noise distributions within the SIDD dataset, we select V/
and S separately for each image. Specifically, we first train a noise variance estimator on clean data using
Gaussian-simulated noise. For a noisy image, this estimator is used to predict its noise variance 62. The
values of V' and S are then selected by an empirically calibrated rule motivated by the heuristic objective in
Remark 4.7, with V' chosen to match the corresponding variance level after S is fixed. Empirically, setting
T7g = 0.50 yields favorable results. To enable the generation of noisy images with specified noise intensity,
an additional channel is introduced in the input of the conditional diffusion model to feed in the noise level

I1More advanced denoisers often possess stronger generalization capabilities, which is not conducive to reflecting quality
differences in the training set.
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Table 2: Quantitative comparison of noise generation quality on the SIDD validation set and denoising
performance on the SIDD benchmark. The best results are highlighted in bold, and the second-best results
are underlined. Note that “Paired” refers to the UNet backbone performance using paired data.

Method Noise Generation Quality Downstream Performance

FID | AKLD | AFMD | | PSNR t SSIM 1

CBDNet[13] 141.34 1.795 2.186 34.48 0.848
Unprocessing|[7] 95.10 0.964 1.338 21.74 0.440
C2N]I17] 33.97 0.169 1.141 34.12 0.818
DeFlow[46] 39.45 0.205 - 33.82 0.846
LUD-VAE[48] 35.31 0.108 0.780 34.91 0.892
ASBM][14] 68.93 0.552 0.848 34.32 0.866
LUD-DIF (Ours) | 16.99 0.046 0.420 35.47 0.896
LUD-DIF(WUP) 16.30 0.026 0.340 35.60 0.898
Paired 13.86 0.014 0.206 37.89 0.906

Table 3: Quantitative comparison on the SIDD Validation and SIDD Benchmark datasets.

Method SIDD Validation SIDD Benchmark

PSNR T SSIM 1 | PSNR 1 SSIM 1
N2V [22] 29.35 0.651 27.68 0.668
N2S [5] 30.72 0.787 29.56 0.808
CVF-SID [31] 34.17 0.872 34.71 0.917
AP-BSN + R3 [23] 35.91 0.882 35.97 0.925
SCPGabNet [26] 36.53 0.886 36.53 0.925
SDAP(S)(E) [33] 37.55 0.894 37.53 0.936
LUD-DIF (Ours) 37.37 0.906 37.59 0.898

information. When generating noise simulations on the validation set, we directly use the given corresponding
variance to generate the noisy images. Conversely, when generating noisy images on the training set for
DnCNN training, we randomly sample the noise standard deviation from the interval [5,40] to produce the
noisy images.

Compared Methods: We compare the LUD-DIF method with several unpaired noise modeling ap-
proaches, including C2N [17], DeFlow [46], and LUD-VAE [48]. These models are all trained using the
hyperparameters specified in [48] and employ the SUP training data. We also compare against two model-
based noise modeling methods: CBDNet [13] and Unprocessing [7]. For EOT-based methods, we utilize
ASBM [14], which achieves state-of-the-art generation speed and quality. The diffusion term parameter
for ASBM is set to 0.3 to match the overall noise intensity of the dataset. Furthermore, we evaluate the
noise generation capability of the UNet backbone used in our method under a supervised setting labeled
“Paired”. We also compare our method in the WUP case to several unsupervised denoising methods, including
N2V [22], N2S [5], CVF-SID [31], AP-BSN + R3 [23], SCPGabNet [26], and SDAP(S)(E) [33]. Here, we use
DRUNet [47] as the downstream denoising network to get better results.

Results: The results are presented in Table 2. Compared to other unpaired noise modeling methods,
LUD-DIF achieves the best performance on most metrics. Notably, it shows substantial improvement across
all three metrics for noisy image generation quality. The two model-based, non-learning noise modeling
methods perform poorly in the noisy domain due to their inability to learn the underlying distributional
characteristics of noise from data. The EOT-based ASBM method also yields subpar generation quality,
which is attributed to error accumulation across different iteration steps. It is worth noting that the model
trained on WUP data slightly outperforms the one trained on SUP data, indicating that implicit pairing
within the dataset enhances the model’s ability to capture data coupling. Furthermore, the performance
gap between unpaired and paired training is qualitatively consistent with the weak-coupling analysis, since
more accurate coupling information reduces the approximation error. Visual results, as shown in Figure 2,
demonstrate that our method can more effectively characterize the spatial variation characteristics of noise.
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Table 4: Quantitative comparison of pseudo-degraded image generation quality in the noisy domain on the
AIM19 and NTIRE20 datasets.

Method AIM19 NTIRE20
AKLD | FID| | AKLD| FID]
Bicubic 0.701 112.9 0.701 56.3
FSSR [10] 0.379 67.6 0.224 40.2
Impressionism [18] 0.549 87.3 0.275 26.5
DASR [44] 0.328 72.4 0.346 48.6
DeFlow [46] 0.356 119.8 0.156 34.7
LUD-VAE[48] 0.329 57.2 0.120 24.9
LUD-DIF (Ours) 0.271 56.6 0.106 24.2

Table 5: Quantitative comparison on the AIM19 and NTIRE20 datasets in terms of PSNR, SSIM, and LPIPS.

Method AIM19 NTIRE20
PSNR 1 SSIM 1t LPIPS | | PSNR 1+ SSIM 1 LPIPS |

Bicubic 21.69 0.5517 0.517 20.45 0.3241 0.675
FSSR [10] 20.81 0.5242 0.387 21.07 0.4356 0.414
Impressionism [18] 21.99 0.6060 0.420 25.27 0.6731 0.229
DASR [44] 21.06 0.5658 0.375 23.70 0.5748 0.328
DeFlow [46] 21.06 0.5842 0.346 24.81 0.6777 0.225
LUD-VAE[48] 22.32 0.6197 0.341 25.79 0.7178 0.219
LUD-DIF (Ours) 22.09 0.6046 0.332 25.77 0.7200 0.214

5.3 Image Super-Resolution

Dataset: We employ two unpaired super-resolution datasets, AIM19 and NTIRE20, to evaluate the
applicability of LUD-DIF for image super-resolution tasks. Track 2 of AIM19 and Track 1 of NTIRE20
both contain several sets of unpaired high-resolution images and degraded images. We crop these into
128 x 128 patches for training. Both datasets include a test set consisting of 100 paired low-resolution and
high-resolution images, which we use to evaluate our method.

Implementation Details: The network architecture is the same as described in Section 5.1. Since the
exact forward downsampling operator for the super-resolution problem is unknown, we approximate it using
bicubic interpolation. Specifically,

y= Dbicubic(‘r) +n+ Dreal(m) - Dbicubic('r)v

where Dyjcubic denotes the bicubic interpolation downsampling operator, Dy, represents the true down-
sampling operator, and n is the real noise. We combine the real noise with the approximation error of the
downsampling operator as an effective composite noise to be learned by the noise model; this is a practical
extension of the additive formulation used in the analysis. Due to the low noise intensity in the super-resolution
task, we directly model the diffusion process for x, px,|x, , as a single-step denoising model E[X¢|Xy]. In
practice, for the AIM19 data, we set 7y = 15,7¢ = 10; for the NTIRE20 data, we set 7y = 8,75 = 3,
consistent with the settings in [48].

Results: Table 4 compares the generated degradations with real degraded images using AKLD and FID.
LUD-DIF achieves the best results on both metrics for the AIM19 and NTIRE20 datasets. For downstream
evaluation, we train ESRGAN [41] using the generated degraded images paired with their corresponding
high-resolution images, and report PSNR, SSIM, and LPIPS in Table 5. LUD-DIF achieves competitive
restoration performance, including the best LPIPS on both datasets and the best SSIM on NTIRE20.
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5.4 Ablation Study

Appendix B.1 tests the independence of generated noise samples. Appendix B.2 studies training and sampling
hyperparameters. Appendix B.3 examines the effect of the degradation level Tg, while Appendix B.4 analyzes
the number of denoising steps used in the weak reconstruction. Finally, Appendix B.5 studies the role of the
two-path diffusion architecture in noise modeling. Overall, these results support the practical choices used in
the main experiments and are consistent with the weak-coupling trade-off described in Section 4.

6 Conclusion and Future Work

This paper proposes LUD-DIF, a diffusion-based method for unpaired data learning in inverse problems.
Under the weak-coupling assumption, the joint ELBO is decoupled into two independently trainable diffusion
processes; without this assumption, we quantitatively analyze the error bound and provide a theorem-
motivated heuristic for hyperparameter selection. Experiments on simulated and real-world image noise and
image super-resolution demonstrate the effectiveness of the method.

Despite these results, LUD-DIF has two main limitations. First, it requires a known or approximate
forward operator, limiting its use in blind inverse problems and semantic modality translation. Second,
although we bound the error introduced by the weak-coupling assumption, how to reduce this error remains
open. Future work may investigate transformed or latent representations, such as wavelet spaces and neural-
network embeddings, to tighten the bound, together with efficient sampling and model distillation to improve
scalability.
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Theoretical details in LUD-DIF

A.1 Proof of Proposition 3.2

Since the noises in the forward processes are independent, X; and Y; are conditionally independent given
(Xo,Yp) for any t. Hence, (3.5a) directly holds. Similarly, the transition probability factorizes as

P22, (2t]26-1) = px,1x,_, (T Te—1)Py, vo -y (Ye|Ye—1)- (A1)

Then it follows that

P2\ 71,20 (28| 26-1, 20)P 2, 1| 2, (2t—1]20)
Pz.\z (Zt\zo)
. pz,7, 1 (2t|2-1)Pz, )7, (2t-1]20)
B Pz, z (2t]20)
. pxt|xt,1($t|$t—1)pxt,1|xo (xt—1|$0) th\Yt,l(yt\yt—l)pyt,l\yg (yt—l\yo)
B pxt|xo($t\$0) pmyo(yt|yo)

=PX: 1]Xt,Xo (l‘t—l |It7 xo)th,l\Yt,Yo(yt—l |yt, yo)a

pZt,l\Zt7Zo(Zt—1|Zt7Z0) =

where the first equality is due to Bayes’ rule, the second equality invokes the Markov property of Z;, the
third equality follows from (3.5a) and (A.1), and the last equality follows from Bayes’ rule.

A.2 Proof of Proposition 3.3

Using arguments similar to those in the marginal derivation in (2.4), we expand the joint ELBO:

Aq Ao
——

ELBO (05 20) = — D1 (p7717, (-120) [p2) +E | 10g 1%, 7, (201 21) | Z0 = 0]

T
= D B| D vz 20 (120 20) [0, 17, (120)) 120 = =o].
t=2

Az
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The term A; in (A.2) is a constant independent of 6. For the term As, it follows directly from the reverse
factorization (3.6) that

log pY, 2, (201 Z1) = log p’, | x, (x0| X1) +10g pY, | x, v, (W0 | 0, Y1) (A.3)

For the KL divergence term As in (A.2), we apply both the forward posterior factorization (3.5b) and the
reverse factorization (3.6):

Dxv(pz, 112020 (| %1, 20) 1P, 12, (120))

Zy 1|2y, 2
_E logpzt,;zt,zo( t—1|Zt, 20) 2 2o = 2
P2, 112, Ze-1|Z1)
[ X 1| Xy, @ Yi_1|Y;,
—E|log ngtfllXuXO( 1] tg 0)thfllYt,Yo( —11Y4,90) Zo. Zo = 20
L Px, 1%, (Xt_l | Xt)th71|Xt—1,Yt O/t_l | Xt_l’}/t)
[ Xy1|Xp,x
_E logpxt,;mt,xo( t—1| X, o) X, X = 2o
pXt,1|Xt(Xt*1|Xt)
Y, 1 |Ys,
+E log . thfl\YtyYo( t 1| t yO) Z0. 70 = 2
Py, X,y (Yifl | Xt*l’Y;:)
= Dxr(px,_, 1x,.%0 (1 Xt 20)IP%, ,1x, (1X0))
+E {DKL (pnqumYo("Yz-faZ/O)Hpg/t_l\xt_hyt(' | Xt—l,Yz-S))|Zt, Zy = Zo] , (A4)

where the second equality follows from (3.5b) and (3.6). Substituting (A.3) and (A.4) into (A.2) yields

where C(20) = —DkL(Pz.|2, (-|20) [Pz, ) is independent of 6 and can be evaluated using the standard Gaussian
KL formula. This completes the proof.

A.3 Proof of Theorem 3.7
Proof of Theorem 3.7. Comparing the objectives in (3.13) and (3.17), it suffices to show
(X ¥2, Yo) £ (X1 |V, Y0),
where the weakly coupled variable is defined as
X o XY T (A.5)
According to the Chapman—Kolmogorov equation, we have
Dxyeak|y, v, (ze-1lye, yo)

= /sz"’f?klxgveak7th0(xt—llx()ayt7yO)an”eak|Yt,Y0(x0|ytayO) dzo. (A.6)

Ay Az

We first focus on the term A; in (A.6). By the definition of the weakly coupled variable in (A.5), X;veak
is determined by X°** and an independent variable ¢. Therefore, X;'*3¥ is conditionally independent of
(Y, Yp) given X2k, Moreover, the definition in (A.5) shows that the process Xg‘f%ak shares the same forward
process as Xo.r in (2.2), i.e., Pxyeak| xyeak = DX, 1| Xo- Consequently, we have

pxyf;k\xgcak,yt,yo(zt—1|9307 Yt,Yo) = pX;"’j;‘k|X§’°ak(xt—1|I0) = PX,_1]Xo (Te—1]T0). (A7)
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We next consider the term As in (A.6). From (3.4), conditioning on a fixed Yy = yo, the variable Y; is
determined by e}, ;, which is independent of X2, This implies

Pxyeak|y, v, (950|yt, yo) = Pxyeak|y, (I0|y0) = p}%i?%‘/o ($0|yo) = PXo|Yo (I0|y0)a (A-8)

where the second equality is owing to the definition of X(‘)”eak in (3.14), and the last equality invokes
Assumption 3.4. Substituting (A.7) and (A.8) into (A.6) yields

pX;f"f"l‘k\Yt,Yo(It—ﬂytayO) = /PXH\XO(It—1|$o)pxo\yo($o|yo)dﬂﬂo

:/th,l\XU,Yt,Yo(xtq\CUOayt,yo)PX0|Yt,YO(fU0|yt,y0)dxo

=PXi 1|V, Yo (It—l |yt7 yo),

where the second equality uses the facts that X;_; is conditionally independent of (Y7, Yy) given Xy and that
X is conditionally independent of Y; given Y{, while the last equality follows from the Chapman—Kolmogorov
equation. This completes the proof. O

A.4 Proof of Proposition 4.3
Proof of Proposition 4.3. Define an auxiliary function

Dy(w9, Yy, Yo, &%) = ||I~Ly|X (Vi V120 + /1 — a—1e™) — i (Ye, Yo) |13
Using (3.13) and (3.17), the triangle inequality yields

A<Z

where (XFek|Yy = yo) ~ p}ial‘l%( lyo) and eX ~ N (0, ;). Using Jensen’s inequality, we have

5 B [Du(X0, Y2, Yo,e¥)] — B[ Du(x*, i, Yo, )]

, (A.9)

[E [Du(Xo, Y2, Yo, %) Yo, Yi,e¥] = B [Dy(X3“, i, Yo, %) Yo, Vi, ]|

< / Dy(z0, Y2, Yo, &™) pxo|ve (20| Yo) — P}iﬁ%(%\%ﬂdxo-
X
It follows from Assumptions 4.2 and 4.1 that
Dy(wo, Vi, Yo, ™) < K'(1+ Vi[5 4 [|X 52 1 (|v5]3), w0 € 4,

where K’ is a constant depending on C, Ry, ox, oy, and the variance schedule of the diffusion model. As a
consequence,

/ D0, Yoy Yo, ) [pxa v (0]Yo) — P2, (ol Yo)|do
X

max(m,2 max(m,2) W
<2K'(1+ [V "+ el " Y0l 10 v (1Y0) — PRSI, C1Y0) lrv.

Taking expectations on both sides of the inequality implies
[ [Du(Xo, Vi, Yo, 6%)] — B[ Du(X3e"%, Y2, Yo, )|
<E[[E[Du(Xo, Y5, Yo,e¥) Yo, YiueX] — B [D(X3, i, Yo, %) Yo, Yive™] |
< B[26(1+ V5™ 4+ X 5 4 Val13) v (¥o) — pEE, (1Y0) v ]
< 2K'ER[(1+ 252 4 X 520D 4 1% 132 B [lpsorss (1Y0) = pRe, (1Y) v

1 wea.
< ME? [[pxy v, (-1Y0) = p3eit, (1¥o) v |, (A.10)

where the third inequality is due to the Cauchy—Schwarz inequality, and the last inequality uses Assumption 4.2
and the property ||p|lrv < 1. Here M, is a constant depending on C, Ry, Mz ,, d, 0x, 0y, and the variance
schedule. Substituting (A.10) into (A.9) completes the proof. O
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A.5 Proof of Theorem 4.5

Before presenting the main proof of the theorem, we first establish the following lemmas.

Lemma A.1 (KL divergence between Gaussians). Let i, s € R%, and let 01,00 > 0. Then
d /o2 o2 _ 2
Dra (W o310) | Wz o3 1) = § (% =1 -tog 21 ) + B el

2
2 5 lop 205

Lemma A.2 (Gaussian-smoothed KL-divergence bound). Let U € R? be a random variable with a bounded
density function py < My on R? and a finite second moment E[||U|3] = do?. Let G ~ N(0,0%14) be an
independent Gaussian random variable. Then we have the following properties:

(i) The KL divergence of py with respect to pg is finite, i.e., Dx1,(pu || pg) < oo.

(i) For any oy > 0, the KL divergence of the Gaussian-smoothed distributions satisfies the bound

2
o
Dy (pu * Vo2 || PG * %‘2/) < (2[]2> Dy (pu || pa)-
oy + oy
where * denotes the convolution, and Vo2, TEpresents the density of N'(0,0%14).

Proof. Part (i): We first prove that Dkr,(py || pa) < 0o. By the definition of KL divergence, we decompose
it into negative differential entropy and cross-entropy:

DslU16) = [ po(a)logpu(e)de— [ puo)ogpo(a)d.
Rd Rd
Since py < My, the negative differential entropy is strictly bounded above:
/d pu(x)logpy(z)dr < /d pu (x) log(My)dz = log My.
R R

For the cross-entropy term, substituting the Gaussian density yields

d d
—/ pu(z)log pe(z)de = 3 log(2ma?) + / lz||3py (z)de = 3 log(2mec?;) < oo.
R4 R

2
20

Summing these two bounds guarantees Dxy,(py || p) < log My + 2 log(2mea?;) < oco.
Part (ii): Consider the Ornstein-Uhlenbeck (OU) processes

AU, = —U, dt + 20y AWV, Uy ~ py,

(A.11)
dG, = -G, dt + \@JU thG, Go ~ pa,

where W and W& are d-dimensional independent Wiener processes. The stationary distribution of these
OU processes is N'(0, 0% 1,), which satisfies a log-Sobolev inequality. From [4], py, converges to the stationary
distribution N(0, 07 14) exponentially:

Dy (pu, || %5) < e * Dy (pu || ’YUZU) = e *'DxL(pv || pc)- (A.12)

On the other hand, since G ~ N (0, 0% 1), we have Gy ~ N (0,02 14) for any t > 0. Combining this with (A.12)
yields
Dxi(pu, | pe,) < e > Dxi(pu || pe)- (A.13)

Note that the two linear SDEs in (A.11) admit explicit solutions

U =e U+ V1—e2oyey, Gi=e 'G+V1—e2oyeg,
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where (ep,eq) ~ N(0,14) ® N(0,1;) is independent of U and G. As a result, ¢!U; ~ py * Yoz and
etGy ~ pg * Vo2 where o; :== ve?t — 1oy. Then for any ¢ > 0, since the KL divergence is invariant under the
affine map, we have

Dxw(pu * 702 || pa ¥ V62) = Dk (petv, || Pera,) = Dxw(pu, | pe,)- (A.14)

By combining (A.13) and (A.14), we have Dkr(py * Yoz || PG * fygta) < e ?'Dyi(pu || pa). Setting t =
2 2

%log(%) completes the proof. O

Proof of Theorem 4.5. Recall the forward processes (3.4) and the normalization (4.2):
Xy =+vayXo+ V1 —-ayex,

1 A.15
YS:\/@SYQ+\/17@58Y:\/@5?X0+\/@S?E+\/170755y, ( )
Y Y

where ex,ey ~ N(0, I3). The proof is divided into two steps.
Step 1. Perturbation error estimate. Since X and Ygs are conditionally independent given Yj, for any
(z0,ys) € X x R?, we have

PxXo|vs (Tolys) = /PX0|Y0 (zolyo) Pyolvs (Wolys) Ay = Eyy [pxoiv, (20|Ys) | Ys = ys] -
As a result, using the law of total expectation and Jensen’s inequality, we obtain

5pert = EYO,YS [||pX0|YS('|YS) - pX0|Yo('|Y())||Tﬂ
< Eyy [Eyy,vy [IIPx01v0 (1Y) = Dxo1vo C1Y0) v | Ys]],
where Y; and Yy are conditionally independent and identically distributed given Ys. Further, under Assump-

tion 4.4, we have
gpert < LpostEYs [EYO,YO’ [HYO/ - YOH2 | YS]:I; (A16)

where Yy, Y] are conditionally independent and identically distributed given Yg. Then

Evy,ve 1Yo — Yol3 | Ys] = Ev,,v; [IIYs —E[Y; | Ys] +E[Y, | Ys] — Yoll3 | Ys]
=By, [IIYg — E[Yg | Ys]l3 | Ys] + Ey, [|E[Yo | Ys] = Yoll3 | Ys]
= 2Ey, [||E[Yo | Ys] — Yoll3 | Ys]. (A.17)

For any z € R%, we have

Ey, [z = Yoll | Ys] = Ey, [l — E[Yo | Ys] + E[Yo | Ys] — Yol3 | Ys]
=Ey, [l — E[Yo | Ys)|l5 | Ys] + Ey, [|[E[Yo | Ys] — Yol3 | Ys]
+ 2Ey, [(z — E[Yo | Ys],E[Yo | Ys] — Yo) | Ys]
= Ey, [l — E[Yo | Ys][13 | Ys] + Ev, [[|E[Y0 | Ys] - Yol13 | Vs]
> Ey, [IE[Yo | Ys] — Yoll3 | Ys].

Setting z = \/%TSYS in this inequality and using (A.15), we have

1—ag
By, Yo | Ys] = Yoll3 | ¥s] < By [/ =evl3|¥s]. (A.18)

where ey ~ N (0, ;) is independent of Yy. Combining (A.17) and (A.18) and taking the expectation with
respect to Yg yields

1—ag
Eys [Eve.vy [1Ys — Yol3 | Ys]] < 2By onr(o,10) [H B €YH§} =2d

1—ag
. A1l
= (A1)
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Substituting (A.19) into (A.16) and using Jensen’s inequality, we obtain

1—a
5pert < Lpost \/EYS [EYO,YO’ [HY()/ - YOH% | YSH < Lpost 2d as S- (A2O)

Step 2. Alignment error estimate. Applying the triangle inequality, the alignment error can be

decomposed as
Eatign = Evg [[[Dx0]xy (1Y) = pxolvs (1Ys) I Tv]

1
= 5 [ xaixe Gaolus) = px,tva Geolus) v (us) dao s

1
< 5//PXU|XV($o\ys)IpYS(ys) — pxy (ys)| dzo dys

1
t3 // [px01xv (Tolys)Pxy (Us) — Pxo|vs (Tolys)pys (ys)| dzo dys
= [lpys — pxy lov + Ex, [[Pxy 1x0 (1X0) — Py ixo (1 X0) lv]

where the last equality is due to Bayes’ rule. For the first summand, it follows from Jensen’s inequality that

Ipys — pxy llTv = |l /PYS|X0('|$0)PX0($0)d$0 - /PXV\XO('|$0)PXO($0)d$0||Tv

< Ex, [Py 10 (1X0) = Pysix, (1 Xo)lmv ]

As a consequence, we have
Eatign < 2Ex, [Py x0 (1X0) — Pyg|xo (1 X0) I Tv]- (A.21)

From (A.15), we have
d = _
(Xv | Xo = 20) = Vayzo + V1 — ayex,
o 1
(Y | Xo =20) < «/dsﬁmo i \/@S;E VI _agsey.

Then we construct two auxiliary random variables
d —O0X —
(E| Xo =) = vas——ao+ V1—ayex,
Y
d ~—0x — 1 =
(F| Xo=u10) = vaS;xo + \/045555 + V1 —asey,
where ez ~ N(0,021,). Applying the triangle inequality gives, for any z¢ € X,

IPxy 1x0 (-10) — Pys|x, (7o)l TV
< lpxy 1x0 (170) — PEIx, Clz0) |7V + IPE| X0 (| Z0) — PRIX, (-[70) [TV

variance mismatch

mean shift
+ |IPF1x0 ([70) = Pyvs|x, ([x0) [TV, (A22)

error of Gaussian approximation

For the first summand in (A.22), using Pinsker’s inequality and Lemma A.1, we have

1
IPxv1x0 (170) — PE|x, (7o) [TV < \/2DKL(pXV|Xo('|$0)|PE|XU('|3?0))

. loy ay — GX\/?_TSHWOH? (A.23)
QUym
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For the second summand in (A.22), Pinsker’s inequality and Lemma A.1 imply

||pE\X0('|330) - pF\Xo('\xo)HTV < \/;DKL(Z?E|XO('|$0) HPF|X0('|’I0))

< \/E loxas —oyav|

T V20yy1—-ay\/o} —asok

<\/E(O’x+0’y)|O'X\/@5—O'Y\/C_Yv|

— V2 ay\/l—@v\/af,—dsag(
loxy/as — ny/avl

032, — aso Vv1—ay

For the third summand in (A.22), it follows from Lemma A.2 that

<

1
lPF|x, (120) = Pysix, (o) [TV < \/QDKL(pYS|Xo('|xO) | PF|x, (+70))

asa~

\/DKL (p= | N (0, 02 1,)).

—\ 2(6% —aso%
Substituting (A.23), (A.24) and (A.25) into (A.22) yields, for any zp € X,

IPxy 1 x0 (-120) — Pys|x, (-]70) TV

< (RX n 2d >|O’y\/av —OX\/d5|

20y 0'32/ 70_150'3( V1—ay
0450~
+ \/DKL ||N 0 O'~Id))
2 —Ost'X

Substituting this into (A.21) implies

St < (RX 8d ) ‘UY\/dV_UX\/dS|
align >

+
2 V1—ay

oy 0% —agok

20 50%
850z X/DKL1T~HAfH)a~Lﬁ)

2
Oy —

Finally, combining (4.4), (A.20) and (A.26) completes the proof.

A.6 Proof of Corollary 4.6
Proof of Corollary 4.6. By the same argument used to obtain (A.21), we have

Ex, [1Pyo1x0 (1X0) = PV, C1Xo0) lmv] < 2By, [[Ipxo 1y, (-1Y0) — pXy, ([Y0) [lov]-

Combining this with Theorem 4.5 completes the proof.

A.7 Extension to signal-dependent noise

The analysis in Section 4 assumes that the additive noise is independent of the clean signal.

(A.24)

(A.25)

(A.26)

Here we

summarize how the same argument extends to signal-dependent noise. Consider the normalized observation

model )
o
Yo = =X Xo + —E(Xo),
Oy Oy
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where the conditional law of Z(X) may depend on X,. We assume that X is supported on the compact set
X, and, for every x € X,

E[E(Xo) | Xo=12] =0,  Cov(E(Xo) | Xo=2) =X,.

The conditional densities are uniformly bounded, the traces Tr(X,) and the moments required by Assump-
tion 4.1 are uniformly bounded, and the conditional noise field is independent of the Gaussian diffusion noises.
Define

1
2 .
0= = EEXO [Tr(EXo)]
Conditional centering then gives the averaged variance identity 0% + 02 = o%-.

Let

Dzix = Ex, {\/DKL(anO(' | Xo) || NV(0,0214)) | -

This quantity captures anisotropy, spatially varying conditional variance, and higher-order non-Gaussian
structure through a single trace-matched Gaussian reference. Assume additionally that the posterior map is
L ost-Lipschitz in total variation, as in Assumption 4.4.

Proposition A.3 (Conditional-noise extension). Under the conditions above and Assumption 4.1, the loss
gap s controlled by the posterior mismatch exactly as in Proposition 4.3. If the diffusion times satisfy the
trace-averaged alignment condition

dvo%/ = 0730%(,

then
2d(1 — &
A, < Loost w
as
(A.28)
~ 2
as50=
+2 237(,7_2 ©E|X-
oy — Qso%
Consequently,

Aoy M
= O'? y 2
t=1

for finite constants My depending on the diffusion schedule, the network growth bound, and the stated moment
bounds.

Proof sketch. Conditioning on Xy = x, compare the forward laws of Xy and Yg with a Gaussian having
the global trace-matched variance. Pinsker’s inequality splits their total-variation discrepancy into mean,
variance, and conditional non-Gaussianity terms. The alignment relation cancels the first two terms, leaving
the second term in (A.28). The posterior Lipschitz property bounds the information loss incurred by diffusing
Yy to Yg, which gives the first term. The loss-gap estimate then follows by the same conditional-expectation
and Cauchy—Schwarz argument used in Proposition 4.3. O

For completeness, the posterior stability assumption has a simple sufficient condition in the independent-
noise special case. If p= > 0, log p= € C?(R%), and Supy V2 logp=(€)|lop < Hz, then

(TXo'yH:

lPx01vo (- | 91) = Pxopvo (- | y2)HTV < TH diam(X) [[y1 — yal|2- (A.29)

For Gaussian noise A(0,Y), one may take Hz = ||[X!|op-
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(a) Clean Images (b) Noisy Images (¢) PSNR Curves (d) Scatter Plots
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Figure 3: Independence test of the generated noise. (c) shows the change in PSNR of the averaged image as
the number of noise samples increases. The curve closely follows the PSNR variation of simulated independent
Gaussian noise, asymptotically approaching a theoretical logarithmic curve. (d) presents a scatter plot of the
noise distribution between two generated noise images. The approximately circular shape of the distribution
indicates that the two noise images exhibit weak correlation. The displayed P values in (d) denote Pearson
correlation coefficients.

B Additional Experiments

B.1 Independence Test

To verify that our model can generate random noise rather than learning a fixed noise pattern for each
image, we generate multiple noise samples for the same image on the SIDD validation set and analyze
the independence among these noise samples. First, according to the law of large numbers, if the noise is
independent, the average of multiple noise images should converge to the clean image. We compute the
change in PSNR between the averaged image and the clean image as the number of noise samples used for
averaging increases. For comparison, we also average independent Gaussian noise added to the clean image.
The results are shown in Figure 3(c). It can be observed that the PSNR curve of the averaged generated noise
closely aligns with that of the independent Gaussian noise, indicating strong independence in the generated
noise.

Secondly, we randomly select two generated noise images and plot a scatter diagram of their pixel values,
as shown in Figure 3(d). If the noise were highly correlated, the scatter plot would exhibit a distinct diagonal
distribution; whereas if the noise is independent, the scatter plot should approximate a circular distribution.
As shown in the figure, the scatter plot is nearly circular, with a few strongly correlated regions observed in
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Figure 4: Curves of loss and FID versus the number of iteration steps. (a) shows the decreasing loss curve for
the diffusion network regarding x; (b) shows the loss and FID variation curves for the conditional diffusion
network regarding y.

high-noise images. This may be attributed to the increased difficulty in distinguishing between signal and
noise under high-intensity noise conditions, leading the model to misinterpret certain noise as signal and
thereby introducing some correlation. We also calculate the Pearson correlation coefficient between these
two noise samples, which is consistently below 0.05, further confirming that the generated noise samples are
independent of each other.

B.2 Training and Sampling Hyperparameters

To select the optimal number of iteration steps for training the two diffusion networks, we recorded the
variation curves of their losses with increasing iteration steps on the WUP-SIDD data. For the conditional
diffusion network, we also tracked the FID variation curve for validation set sampling at every 50 steps. The
results are shown in Figure 4. It can be observed that the losses of both models stop decreasing after 100k
iterations, and the FID on the validation set for the conditional diffusion model no longer shows significant
improvement. Therefore, 100k iteration steps already provide a stable validation trend in this setting. In the
main experiments, we use task-dependent training budgets: 100k iterations for simulated image noise and a
more conservative 300k iterations for SIDD, as reported in the main text.

To determine the optimal sampling steps and the random term 7, we evaluated the generation quality
on the SIDD validation set across different sampling steps and different values of 1. The results are shown
in Figure 5. From the line graph, it can be seen that selecting 200 sampling steps with = 0.5 yields the
best generation quality. However, when sampling from the training set to generate simulated paired data, we
prioritize faster sampling while preserving stochasticity; in the SIDD experiments, we use 50 sampling steps
and set n = 1.0, as stated in the main text.

B.3 Analysis of Degradation Level

We investigate the influence of different effective diffusion noise levels 7g on noise generation outcomes using
the AIM19 and NTIRE20 datasets. For 7y, we consistently set

2 _ 2 .2
Ty =75t 0p,
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FID vs n for Different Sampling Steps
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Figure 5: FID variation curves with respect to the number of sampling steps and the random term 7.

where &,, denotes the average noise standard deviation in the dataset. In this ablation, the labels “c2n” and
“n2n” indicate the source of the condition used by the conditional diffusion model. The “c2n” curve uses a
clean image as the condition to generate a noisy image, whereas “n2n” first obtains a weak reconstruction
from a noisy image and then uses this reconstruction as the condition to generate a noisy image. The
results are shown in Figure 6. It can be observed that on both datasets, the FID curve for “n2n” is nearly
monotonically increasing. The “n2n” condition is already close to the weak-reconstruction condition used
during training when 7g is small. Increasing 75 injects additional Gaussian perturbations into this condition
and therefore disrupts structural details, leading to worse FID. The “c2n” curves initially decline rapidly
and then rise slowly. The decline corresponds to improved alignment between the corrupted clean and noisy
states, while the subsequent rise reflects the increasing information loss caused by excessive perturbation.
This illustrates the weak-coupling trade-off described in Section 4. Furthermore, note that the 7g required
for the FID to reach its optimal value on AIM19 is significantly larger than that on NTIRE20, which is
qualitatively consistent with the dataset-dependent noise statistics in the two test sets.

B.4 Optimal Denoising Steps

Because the diffusion model for x is applied only from the aligned state zy, the reconstruction distribution
PX,|xy 18 sharply concentrated around the clean image for datasets with relatively small noise variance, such
as AIM19 and NTIRE20. Therefore, we choose one-step sampling to improve the efficiency of subsequent
training for the conditional diffusion model.

For the SIDD dataset, where the noise variance is larger, we investigated the impact of different sampling
steps on both the weak reconstruction px,|x, (-|Ys) and the final generation results. The results are shown
in Figure 7. It can be observed that the final generation FID improves rapidly within the first few steps
and reaches a near-optimal range around 4-6 steps. Using more steps does not further improve generation
quality and may even degrade it. We therefore set the number of sampling steps to 5 as an efficiency-quality
trade-off.
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Comparison of c2n and n2n on AIM19 Comparison of c2n and n2n on NTIRE20
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Figure 6: Impact of different 7¢ values on the generated results for the AIM19 and NTIRE20 datasets.
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Figure 7: Impact of different sampling steps on the generation results for the SIDD dataset.
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B.5 Role of the Two-Path Diffusion Architecture

Note that the clean-domain diffusion model in LUD-DIF can be used by itself to map a noisy observation
to a clean reconstruction. Given a noisy observation yy, one may first diffuse it to yg, identify the aligned
state with xy through the weak-coupling approximation Yg = Xy, and then apply the reverse clean-
domain process px,|x, (:|ys) to obtain xg. This direct weak-reconstruction baseline can be summarized as
Yo = Ys = xy — Xo, and we refer to it as the noise-to-clean (N2C) baseline in Table 6.

In contrast, the full two-path diffusion architecture uses both the clean-domain diffusion model and the
learned conditional diffusion model for Y'|X. In the clean-to-noisy (C2N) generation mode, we synthesize noisy
observations from clean images, and the generated clean—noisy pairs are used to train the same downstream
DnCNN denoiser. The comparison in Table 6 evaluates whether explicitly modeling the noisy-domain
conditional path provides useful information beyond direct weak reconstruction. The results show that the
two-path C2N scheme achieves better downstream denoising performance.

Table 6: Effect of the Two-Path Diffusion Architecture for Noise Modeling

Method PSNR 1+ SSIM 1
Direct weak reconstruction (N2C) | 32.17 0.847
Two-path C2N (Ours) 35.46 0.896
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